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_�`badc#e)f gihKjX`bkmlVnFe)f n�cPkpodlV`�lVnrqsodadtu`wviadc�xVodadyzlVnFewn�c#t!yi{|y-t}kpn�{p~�c�k|`w�SoXn1c@y�n1c�k|odlV`�y�{��1c�ewy
tuv-adt!y���`�kDy�k#`�e�yztuv-aS�inu�V`bk|y�k#vdxXn!e��SoXn���c#n!e�h�y�k|n!`b�\xXn!e�cpn!a-k|`�k�lVn�ewy�tuoX{|��y�kpoX{DyIl\f odady
qsoXadt!`b��xVtuvih�y�tuviaSkp`waSody-tu`w�Kady�k|oX{|yie3lVn�e)f n1c�k|odlV`\lVn!e7t!{pn�`��Vn!hzn�a-k@`7lVn�t!{pn�`��Vn!hzn�a-k�����a
yi�SoXn1c�kDcry��doXa-kDcr�X`��dy'{|n�cpoXhz`�kFoXady�tuv-ebe�y'lVnI{Dy�via�y�hzn!aSk|c��3n�{�kDy�e$lVnI{|n!e�yit!`bv-ady�{�ewy
tuod{p��y�kpod{|y�yihKj�e�y�lVn!{|`b��yilXy��X{p`whzn!{DyXx\cpn!�-viady�`	kpn�{|t!n!{Dy�l\f oXady�qsodadtu`w��y�`b�V~$tuvih�oda
{|n�cpoXh��X{Dgitukp`�tryIhzvVlXn�lVn�{pn1tun!�Vk|ni�
N$O�� ��Z�UV�	 	TXZ�UX ¡Y=¢�Z�Rm ¤£DZ�R�[\]P^
¥ e�y�¦d�-oX{|y�§F�X`��dyIe�yI�i{Dg�¦3t!yIl\f odadyI{|n�tuk|yI`�l\f oXadyz�dyi{|gij3vie�y��Sody�e�c|cPn��ivie)�	¨©a-k|oXª�kp`w��y
`�q«g-tu`webhzn!aSk�n�cF�3vik�lV`w{=�SoXnIe�y'{|n�tuk|y'aXv�kp��t!oX{p��y�kpod{|ydx7v��SoXnze�y�cPn���y�tuoX{|��y�kpoX{Dy���c
aSode

·
ewydx+`#n!a¬t�y�aS��`�e�y�dy�{Dg�j3v-ewy�cP~m�SoXn�n!a®kp�ix¯�3n!{D�SoX°z±P�i`w{Dy�²M`#e�y�{|n�tuk|yaXvd�´³	n�{pµ

tuv-h�n�cF�3vVlV{|`wy'�Xewy-cPh�yi{Fyi�SoXn1c�kDy�`�lVn�y�`baSkpoXª�kp`w��y�lVn�tuod{p��y�kpod{|y'l\f oXady�h�y�aXn�{|y'hI�1c
{|`b�-vi{|vic|y-¶·_�viadt�cFlXnu¦daX`wa-kKtuod{p��y�kpod{|y'tuv-h�n�e�t!y�a���`�lVn��3n!adlVn�a-k � ¥ `b�V~�x�ewy�{pn1t}k|y�k|�
tuod{p��y�kpod{|ya�oXe

·
e�y¸�3n!{D�SoX°�n!e�cpn!o¹�3n�adlVn!aSk�aXvºt!yiaS��`�yXx@��cMt!viadcPk|yia-k�x@`�n�a»t!y�a���`mewy

�dyi{|gij3vie�y�kp�=tuoX{|��y�kpoX{Dy�lV`bqsn!{|n!a-k�lVnF¼�n!{|v��3n�{|�SoX°Fn!e�cpn!o��3n!adlXn!a-kmaXvz�1c#tuvia�c�kDy�a-k1xV��c
lV`bqsn!{|n!aSk�cPn!�-viadc�yie\�Xoda-kmv-a�n�c�hz`w{p`)�

½	`b�-oX{Dy'§i¾$¿mn�t}kDyI`��dy�{Dg�j3v-ewy
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Óma·t!vi�¹��`wcPk|y¸e�yHtuoX{|��y�kpoX{Dy�t!vihÔn!e�t!y�a���`�lVn���n�adlVn�a-k'l\f oXady¸qsoXadt!`b��x�n!e��SoXn�t�y�e
�X{|n!�-oXa-kDy�{pÕÖcpnry�{DyK��c#t!vih�n1c��3v�k#{|n!e�yit!`bv-ady�{�y�`b�Vµzy�hKj�ebn1c�n!`waXn�cm�-odn�c!f �dyia�yild�-od`b{|`�k
n!a�ewyzlXn!{|`b��yitu`w�d�
��a»�X{|`whzn!{MebewvVtix�c|y�j3n!h×�-odn�ewyHlXn!{|`b��yilXy¸l\f oXady�qsodadtu`w�H�1c�oXa�yHy�ebkp{DyqsoXadt!`b�´�SoXn
n!a�cFlV�ia�y�n�e��3n!a�lVn!aSk=l\f yi�SoXn�cPk|y'n!a�t�yilXy��doXa-k1x�lVv-adt!cr�X{|n!�-oXa-kDy�{pÕÖcpnK�3n!e�t!yiaS��`$lVn!e
�3n!a�lVn!a-kml\f odady=qsoXadt!`b�I��c¯n�e3h�y�k|n!`b�M�SoXn��d{pn��ioXa-kDy�{pÕÖcpnm�3n!e\t!yiaS��`7�SoXn��dy�kpn!`b��e�y�cPn���y
lVn�{p`w��y-lXyX�E_�v-adt!c	aXvihz��cE{|n�cPk|y�yic|cPvXtu`�y�{�ewy���y�{Dy�oXe�ymt�y�a��S`Vy��SoXn!e�tuvihØaXv�kDy�a�yihKjX`b�-o��
�+c��3v�k$lX`b{$�SoXn@odady�qsoXadtu`w�radvrt�y�a��S`�y�cp`���c�t!viadcPk|yia-k�x�`V�SoXn�t�y�a��S`�y�cp`Vtu{|n!`b��vFlVn1tu{|n!`b�7Ù
lVv-adt!c�{Dy�v-ady�aSk+l\f y-�SoXn�cPk|y�h�y�aXn!{DyFn1c��3v�k@yic|cpvVtu`�y�{$e�y=lVn!{|`w��yilXy�l\f oXady�qsoXadt!`b��x

f ′(x)
x

tuv-hÚoXadyHy�ebk|{|yqsoXadtu`w�º�SoXn�n1c�`badlX`wt�y¸t!vihÔt�y�aS��`�y
f(x)

x	ÛPyH�SoXn�ewyHlVn�{p`w��y-lXyn!a�c
`waVqsvi{|h�yIcpvijX{|nrn!e�t!{pn�`��Vn�hIn�a-k#`�lVn1tu{|n!`b��n�hzn!a-kml�f y-�-odn�cPk|yX�¥ hKj�n�ewc�{|yiviadyihzn!a-kDcmyia-k|n!{|`bv-{|cm�3vVlVn!h�t!{pn�oX{pn-f adc��SoXnK�Xn�h�y�{|{p`wjdy�k�yMe�y�tuv-adtuewodcP`w�
�SoXnMewy�lXn!{|`b��yilXy�lVnMe�y�lVn�{p`w��yildy�l\f odady�qsodadtu`w����c=oXady�y�ebkp{Dy'qsoXadt!`b��`wadlV`�t!y�kp`w��y�lVn!e
t!yiaS��`	lVnK�3n!adlVn�a-kFlVnKe�y�qsoXadtu`w��vi{|`w�i`wady�e)xd`�x7t!vihÜe�yMlXn!{p`w��y-lXy�lVn�ewy�lVn!{|`w��yilXyMl\f odady
qsoXadt!`b��aXv���crhz��cF�SoXn�e�y'cpn!�iv-ady�lVn!{|`w��yilXy�lXnIewyMqsoXa�tu`w�¸Ý

f ′′(x) Þ x\kpn�aX`bh�¦da�y�ewhIn�a-k
kpn�aX`whß�-odn$e�y#cpn!�-viady�lXn!{|`b��y-lXy�l\f oXady�qsoXa�tu`w�mn!adc��dyi{pe�y�cpvijd{pn$ewymtuoX{|��y�kpoX{Dy�l\f y-�SoXn�cPk|yd�
N$O�à �W¯R�[7 \�m]©TV 	T®]I[7W+R¯�+á\âm]©TV 	T
Óma�tuv-��{pn�ewy-tu`wviady-lXy=e�yzcPn��iv-ady�lVn�{p`w��y-lXy�l�f oXa�y�qsoXadt!`b�My�hKj�e�yzcPn���yIt!oX{p��y�kpod{|ydxSn�adc
�3vVlVn�hã�X{|n!�ioda-k|yi{�¾�`+�SoX°1¶;_�v-adt!cF¦X�Vn!hIÕÖaXv-c�n!a¸ebn1c��i{Dg�¦��SoXn1cFlVn�e�y'¦d�-oX{|y�äV�M�+c

½	`w�ioX{DyzäV¾$³�yi{|gij3viewn�c�¾	oXadyzt!µiadt!y���y�`�e�f y�ebk|{pn�tuv-aS�inu�Xy
kp{Dyituk|yKlVnrlXoXn�c¯��y�{Dg�j3viewn�c�xi`7ewy�lV`bqsn!{|°!adt!`wyKjdgicp`�t!y=n!aSkp{|n�n�ebewn�c¯�1c@�SoXn�oXadyr±�hz`w{|y�²�t!y��
y�hKoda-kI`¯e)f y�ebkp{Dy�t!y��´y���y�ewe)��³�n!{ztuvia��in!aX`)x$lV`w{|n!h��SoXn�y�`b��µ�lVnz±�hz`w{|yi{�²Mt!yi�ºyihKoXa-k
Ý
^ Þ �1c@cPn�{�tuvia��inu�\xS`X±�hz`w{|yi{�²�t!yi�'y1��y�ewe	Ý _ Þ �1c@cPn�{�tuµiadt�y�o�å���¨+�SoX`wadyK{|n!e�yit!`b�K�X`7�dyn!aSkp{|nKe�y�tuv-adt!y���`�kDy�k�`�tuvia��inu�V`bk|y�k�`	e�y�tuod{p��y�kpoX{DyXx�v�n�e	�SoXn���c�n!e	h�y�k|n!`b�\x3e�y�cPn��iv-ady
æ©çXèDé@ê\ë!ì�í�î�è=ï�ê\ï�ðFñPè}î1ò)ñ�í�î�ò#ó�í�ô�ë!ì�ímõ�ð�ðDë!ì�í�ò�é)ð=î�èDéÖðDñ�ê÷öKè�ôøðFñPè}îué�ù)úDù�êøð1û7î�è}ò)ðDô é)ù«í�ò�õwðDù�í�üò)í�ùsý1ê÷ù�ð}ë!ì�í�ò«éÖð
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þ ðuÿ���ì�î�ñ�ê÷ö�ñ��}î�ñPðPý}ð�ñ�ù�í�ê ��í�î!é þ�� ÿ���ì�î1ñPê÷ö�ñ��}î�ñPðPýDð���í�ñ�ù«í�ê �1í�î!é

½	`w�ioX{Dy
	d¾$½Xodadtu`wviadcmtuµ-adt!y��in�c

lVn�{p`w��y-lXy-¶�_�v-adt!c¯�d{p`whzn!{�t!y�e�lV{|`�y=lVn!¦daX`w{�y�hKj�hz�1c@lVnukDy�ewe7�SoX°��iv-e3lX`b{��SoXn�odady=qsoXaVÕ
tu`w��cp`b�-oX`�tuµ-adt!y���y�`��SoX°��ivie�lX`b{��-odn�cp`b�-oX`�tuv-aS�inu�Xyd�¥ e�y�¦d�-oX{|y�	��X`X�dy�{|n!�X{|n�cpn!aSk|y-lVn�c	lVoXn1c	qsoXadt!`bv-adc$tuµ-adt!y��in�c@Ý

_ Þ xioXadyFtu{|n!`b�Vn!a-kmÝ ¦d�-oVÕ{Dy�	dÝ�y ÞPÞ `�e)f yie�k|{|yzlVn1tu{|n!`b�Vn!a-kKÝs¦d�ioX{Dy�	dÝ«j ÞPÞ ��Ey�qsodadtu`w�MlVn=ewyI¦d�-oX{|y�	�Ý«y Þ t!{pn�`��'�3n!{|µt!y-lXyI�in!�SyilXy�hzn!a��Vc!xX�1cmyzlV`w{�xXn�e�cpn!o��3n�adlVn!aSk�lVn�t!{pn�`��\xXlXviadt�c�e�yzlVn�{p`w��y-lXyIlVn1tu{|n!`b�7x
lVv-adt!c�e�yzlVn!{|`w��yildy�lVn�e�yzlVn!{|`w��yildyK�1c�aXn��-y�k|`b��yXxVlXviadt!c#ewyzcpn!�-viadyIlVn!{|`w��yilXyKkDy�hKj3�i�
³	n�e��SoXn�q«y�yFewyrqsoXadt!`b�KlVn#e�y�¦��ioX{Dy�	dÝ«j Þ x-��c$odadyrqsoXadtu`w�=lXn�tu{|n!`b�Vn!a-k�`)xi�3n�{$k|yia-k�n�edcpn!o�3n!a�lVn!a-km�1c@adn!�-y�kp`wo�xV�3n!{|µzt!yildyK�in��-y-lXy�lVn�t!{pn�`���hz��c�v�xVlX`�k�l\f oXadyzy�ebkp{Dy�hzyiaXn!{DyXx�n�e
�3n!a�lVn!a-k$n1c�q«y�hz��c	aXn!�Sy�k|`boK`)x��3n!{	k|yia-k�x�n�e��3n!adlVn�a-k�lVn�t!{pn�`��=`Vy�`b�V~Se�y�cpn!�iv-ady�lVn!{|`w��yildy
��c#aXn!�Sy�k|`b��yd�
³	n�{zk|y�eml\f y�Û�odlXy�{pÕÖ�iv-c�n!a¬y-�SoXn�cPkz{|yiviadyihIn�a-k1x+yewy�¦��ioX{Dy��kpn�aX`wo¬ewy�-{|g�¦�t!yl\f oXÕ
ady�qsoXadt!`b�tuµia�t!y���y�`¯ebn1cKcPn��in�c=lVn�{p`w��y-lVn�c��X{|`whIn�{|y�`@cPn��ivia�yX��½E`b�Vn!oVÕÖ�ivSc��SoXn-x�tuv-h
e�yºqsoXadt!`b�®k|���3n!adlXn!a-k��3v-cp`bkp`wo�x�e�y®cpn!��y®lVn�{p`w��yildyº��c��3v-cp`�k|`w��y Ý÷ÛPy¬�SoXn�ewy¬lVn!{|`w��y�Õ
lXy´`rn!er�3n!adlXn!a-k�cp�ia·ewy´hzy�kpn�`��Xy´tuvScpy Þ xm�3n!{|µ´lVn1tu{|n!`b�\xmyihKj·n�er�SoXne�y´lVn!{|`w��yildylVn'ewy�lVn�{p`w��y-lXyºÝse�y�cPn��iv-ady�lVn�{p`w��y-lXy�lVn�e�y�qsoXadtu`w� Þ cpn!{Dg�aXn!�Sy�k|`b��yX����a®tuv-adtuewodcp`b��xcp`\oXa�y�qsoXadt!`b����cmtuµia�t!y���yXx�e�yzcPn���yIcpn!�-viadyIlVn!{|`w��yilXy��1c�aXn��-y�k|`b��y �
³�vVlVn�h qsn!{+y�{Dy�n!eXh�y�kpn�`���{Dy�via�y�hzn!a-k��3n�edt!yic$l\f oXadyrqsoXadt!`b�=tuv-aS�inu�Xyd�E½	`��Vn�h�ÕÖaXvSc

n!a�e�y�¦d�iod{|y���via��X`	�dyM{pn��X{pn1cPn�a-kDyilVn1c�qsoXadt!`bv-adc�t!via��inu�Vn�c���EyzqsoXa�tu`w�'lVn�ewy�¦d�iod{|y
�XÝ�y Þ �1c+oXady=qsoXadt!`b�Itu{|n!`b�Vn!aSk¯`�x��3n!{¯k|y�aSk�x�n!e7cpn!oM�3n�adlVn!aSk@��c¯�3v-cp`bkp`woM`�xVy=hz��c�x�y-�-odn�cPktu{|n!`b�\� ¥ `b��~)x\e�y'lVn�{p`w��y-lXy�lVn�e��3n!adlVn�a-k���cr�3v-cp`�k|`w��yM`)x\�3n�{�kDy�a-k1x\e�y'cpn!�-viady�lVn!{|`w��yildy
lVn�ewy�qsodadtu`w��cpn!{Dg��3v-cp`bkp`w��yd�
³	n�e��SoXnFq«yzyIe�y�qsoXadtu`w�MlVn�ewy�¦d�-oX{Dy��XÝ«j Þ xX�1c�oXadyIqsoXadtu`w�M�SoXnF�1c#lVn�t!{pn�`��Vn�a-k�xX�3n!{|µIn�ecpn!o��3n!adlVn�a-krtu{|n!`b�KÛPyM�SoXnKt!yildyz�in!�-y-lXyI��cmhzn!a��Vc#adn!�-y�kp`wo�`)xd�3n�{#kDy�aSk�x�ewyMlVn!{|`w��yildy
lVnre�y�lXn!{|`b��yilXy=�1c¯�3vScP`bk|`b��ydx�lVv-adt!c@ewyIcpn!�iv-adyKlVn!{|`w��yildyKcPn�{|g=k|yihKj3�r�3v-cp`�k|`b��y�ÝøÛPyI�SoXn
cp�ia�ewyIh�y�k|n!`b�XyIt!v-c|y Þ �³	n�{�y�Û�odldy�{pÕ)�ivScEn!aIn�eV{Dy�v-ady�hzn!aSk$y�a-k|n!{|`bv-{�x�yre�y�¦d�ioX{Dy��r�X`Vkpn�aX`boz{|n!�X{|n�cpn!aSk|yilXn�c	oXady
qsoXadt!`b�=tuv-aS�inu�XyrlVn�t!{pn�`��Vn�a-k$`Vewn�c�cPn��in�c$lVn!{|`b��yilVn1c!�E½	`b�Vn!oVÕÖ�iv-c��SoXn-x�n�azcpn!{�lVn�tu{|n!`b�Vn!aSk�x
e�yºcpn!��yHlXn!{|`b��y-lXy¸�1c�aXn!�Sy�kp`w��ydx��3n�{pµ´t!vih×n!eFcPn�o»�3n�adlVn!aSk�tu{|n!`b�7x#e�y´cPn���yºcPn��iv-ady
lVn�{p`w��y-lXyK�1c��3vScP`bkp`w��yd�
��a�t!viadt!ebodcp`w�dxVoXady�qsoXa�tu`w��cpn!{DgItuv-aS�inu�XyIcp`\e�yzcpn!��yzcPn��ivia�y�lVn�{p`w��y-lXy���c��3vScP`bkp`w��y �

	



þ ðuÿ���ì�î1ñPê÷ö ñ��}î�ñPð�ý}ð�ñ�ù«í�ê �1í�îuéþ
f(x)

ÿ þ�� ÿ���ù«ê÷ü#í�ù)ð���í�ù«ê ý}ð���ð þ
f ′(x)

ÿ

þ ñ|ÿ��!í��}è}î�ð��1íPù«ê ý}ð���ð þ
f ′′(x)

ÿ

½	`w�ioX{Dy ��¾$½Xodadtu`w��t!µiadt�y1��y�tu{|n!`b�Vn!aSk#`\ewn�cmcpn!�in�c#lVn�{p`w��y-lVn�c@�X{|`whIn�{|yI`�cpn!�-viady

�



þ ðuÿ���ì�î1ñPê÷ö�ñ�è}îuýuí!��ð�ñPù«í�ê �1í�îué þ�� ÿ���ì�î�ñ�ê÷ö�ñ�è}î!ýuí!�1ð���í�ñ�ù«íPê ��í�î!é

½	`b�-oX{Dy��V¾$½doXadt!`bv-adc#t!via��inu�Vn�c

½	`wady�ewhzn!aSk�x¯cp`@e�ycpn!�iv-ady�lVn!{|`b��yilXy�l\f oXady�qsoXadt!`b����yie@¼!n�{pv®Ý�cPn�hz�X{pn Þ yiebn1cP�dvi{|n�cyi�SoXn1c�kDy�qsoXadt!`b�Hcpn!{Dg�oXady�{|n�t}kDyXx�ÛPy¸�-odn�cp�ia®ebn1c
"daX`w�SoXn1c��-odn�y�emlVn!{|`w��y�{pÕÖebn1c�lVoXn1c
�in!�SyilVn1c�c!f y�a�oXe

·
ewn!a�x7lVv-adt!c�y-�SoXn�cPk|yzqsoXadt!`b��kp`wadlV{Dg�tuod{p��y�kpoX{Dyza�oXe

·
e�yM`)x3�3n�{�k|yia-k�x7aXv

cpn!{Dg�aX`�tuµ-adt!y���yKad`�tuv-aS�inu�Xyd�
�+a�{pn1cPodh�x Ï1È+Å«ÆÏ�Ä�Ð3Ñ�Ê	Æ�Ò	ÄSÌ�ÈsÎXÆXÒ	ÆÒ$#wÍEÊ	Æ�%ÖÍ	ÊEÇ-È«É'&�ÏIÊEÄ�Ð3ÆVË�È«ÎVÆ Ý

f ′′(x) < 0 ÞÅ«Æ(%ÖÍ	ÊEÇ-È«É�Ï1ÄSÌ*)�Ç,+3Ê	ÇiÆ-ÎXÆ Ý
_ Þ x È$Ï1È$Ä�Ê´Ç-ÆXÊ7Î�È¯Å«Æ�Ï1ÄSÐ3Ñ3ÊEÆ�Ò	ÄSÌ�ÈsÎXÆXÒEÆ-&�Ï/.+Ñ�Ï1ÈsË1ÈsÎXÆÝ

f ′′(x) > 0 Þ x Å«Æ0%ÖÍ	ÊEÇ-È«ÉHÏ�ÄSÌ*)Ç-Ñ�Ê\Î3Ä21�Æ Ý ^ Þ �
À3Á43�Á«À 5uÊ\Ë�ÄSÌ�ÎVÆdÅ«Ï�Ò	Ä�Ç-Ñ�Ê	ÇiÆ-Î�È«Ë�ÆVË�È@ÇiÑ3Ê7Î3Ä21�ÈsË1ÆVË
��a��in!adn!{Dy�e)xVodadyIqsodadtu`w�MaXvMcpn!{Dgzcpn!hz�X{|n=tuµ-adt!y���yIv�cPn�hI�d{pn=t!via��inu�XyXxdcp`baX���-odn=lVn!Õ
�3n!a�lV{|gIlVn�e7��y�ewvi{�lVn

x
via�c�f y���yieboXª|x-kpn�aX`wa-kmyi`b��~\�SoXnF�3n!{#t!n!{pk|c@��yiebv-{|c@lVn

x
ewyKqsoXadt!`b�

cpn!{Dg�tuµ-adt!y���yXx�`��3n!{�oXadc�y�ebkp{|n�c�x�cpn!{Dg�tuv-aS�in!�Vyd���+a��in�aXn!{Dy�e)x�yi�SoXn�cPk|c	t!n!{pk|cE��y�ewvi{Dc�lVn
x�3n!e�c+�Sodyiewc�e�yFqsoXadtu`w�Kcpn!{Dg�tuµ-adt!y���yrvKt!viaS�in!�Xyr��`wadlV{Dy�a�lXviady�k|c�n!azqsv-{ph�y�l�f `wa-k|n!{|��y�e�c�x

�3n!{|µzyi`��VµIadvIkp���3n!{��-od°�cpn!{mcPn�hz�X{pn�y�`b�V~\`�aXvzn�a��in!od{pn!hGt!yi�'n!�Vn!hz�Xewni�
6 vih �dn!h �S`�cPkzye)f yi�dy�{pk|y�kIy�aSkpn�{p`wvi{1x$ewyaXvSc�k|{|y�qsodadtu`w�

f(x)
cpn!{Dg�t!µiadt�y1��y�n�a®n!e�c

�XoXaSk|cFv-a
f ′′(x) < 0

x�`�tuv-aS�in!�Vy'�Sodyia
f ′′(x) > 0

� ¥ `b�V~�x�e�y'hznuk|vVlVviewvi�-`wy'y'cpn!�-oX`w{
�3n!{rkp{|vijdyi{�n!e�c�`wa-k|n!{|��y�e�crlVnztuviadt�y1��`bk|y�k�`$tuv-aS�in!��`bk|y�krcpn!{Dg�t�y�e�tuoXe�y�{�e�y'cpn!�iv-ady�lVn!{|`�Õ
��y-lXy�lXn=e�yzqsoXa�tu`w���3n!{�lVn1cP�d{p�1c#kp{|vijdyi{mn!e�cm�doXa-kDc�Ýs��y�ewvi{DcmlVn

x Þ via��1cm�3vScP`bkp`w��y�`Evia��c#aXn!�Sy�k|`b��yd�87$n��in!hIÕÖaXnFoXa�nu�Vn!hz�Xewni�

9 1�Ä2:;.	Å«Ä�À=<?>A@,B�C*>
DFEHGJILKNM!DF>POQCREHGTSUD
VW@RKXV�C*OYILMZCRM[I$V�@*KNO*DW\UILMZC*M�SUDTE�C^]�_?K`VaIcb
f(x) =

x3 d
e DaGF@*Ef_NVFIcb,g

6 y�e�tuodebn�h �X{p`whzn!{�ewy�cPn��ivia�y�lVn!{|`w��yilXy�lVn
f(x)

¾
f ′(x) = 3x2

x
f ′′(x) = 6x

���+adc
�X{|n!�-oXa-k|n!hGy�{DyXxV�Sody�a��1c��3v-cp`bkp`w��y�`��Sodyia'adn!�-y�kp`w��y

f ′′(x)
¶�_�viadt�c!¾

h `
x > 0

x
f ′′(x) > 0

`��3n�{�k|yia-k
f(x)

��c#t!via��inu�XyX�
h `

x < 0
x
f ′′(x) < 0

xX`)x �3n�{�k|yia-k�x
f(x)

�1c#t!µiadt�y1��yd�

�



þ ðuÿ;��ì�î�ñ�ê÷öØñ�è}î!ýuí!�1ði��í�ñ�ù�í�ê ��í�î!éþ
f(x)

ÿ þ�� ÿ��dù�ê÷ü#í�ù�ð���í�ù�ê ý}ð���ð þ
f ′(x))

ÿ

þ ñpÿ���í��}è}î�ð[��í�ù«ê÷ýDð���ð þ
f ′′(x))

ÿ

½	`b�-oX{|y��X¾$½doXadtu`w�Mtuvia��inu�XyIlVn�t!{pn�`��Vn�a-k#`�ebn1c#cpn!�in1c�lXn!{|`b��yilVn�c

_�f oXa�yIh�yiaXn!{Dy��i{Dg�¦�t�yKn�c#�3v�k�lV`b{1¾
_ ^

j
f ′′(x) < 0 f ′′(x) > 0

k xVhz�1c@qsvi{|h�y�ewhzn!a-k1x
f(x)

�1c#tuµ-adt!y���y�n!a
(−∞, 0)

xX`�tuvia��inu�Xy�n!a
(0,+∞)

�¥ ewy�¦d�-oX{Dyml��X`�k|n!aX`wo¬{pn��X{pn1cPn�a-kDyilVn1cKe�y�qsoXadtu`w�
f(x)

`#ewy
f ′′(x)

�3n�{�tuvihz�X{|v���y�{
�i{Dg�¦3t!y�hzn�a-k�n!e��SoXnF�dy�cPv-{Pk|`�k1�

9 1�Ä2:;.	Å«Ä�Âon
DaM!Da>Pp
ILKXCR>0DaEfG-ILKNM!Da>PO*C*EfG0SUD'V�@*KXV�C*OYILM!C*MqI V�@*KrOQDW\UILMZCRMsS,D0E4Ct]�_?KXVFIcb
f(x) =

x4

12
− 2x2 + 3x + 2 d

�



½	`b�-oX{Dyql�¾vur{Dg�¦��SoXn1c�lVnFe�y�qsoXadtu`w�
f(x) = x3

ÝsaXn��i{|n Þ `�lXnFe�yIcpn!��yIcPn��ivia�y�lVn!{|`w��yildyÝs�in�{phzn�ebe Þ

e DaGF@*Ef_NVFIcb,g �+az�X{|`bhzn�{$ebewvVtixit�y�e�tuoXewn!h;e�yFcPn��iv-adyrlVn!{|`b��yilXyd¾
f ′(x) =

x3

3
−4x+3

x
lVv-adt!c

f ′′(x) = x2 − 4
� 6 y�eE�in!od{pn�y�{Dyz�3n!{r�SoX`wadc���y�ewvi{DcmlVn

x f ′′(x)
��c�aXn��-y�k|`b��yz`

�3n!{��SoX`wadcm�3v-cp`�k|`b��yX�¯³	n�{mkp{|vijdyi{my�`b�VµdxXhz`w{pn�hG�X{|`bhzn!{��Sody�a
f ′′(x)

t!y�a���`wy�lVnKcp`b�-aXnix
cp`���c@�-odn�t!yiaS��`wydx-��c¯yKlV`w{1x��-o�y�aM��y�e�¼!n�{pv2w�� ¥ `b�V~)xS{|n�cpviewn!h¡e)f n��Sodyit!`b�

f ′′(x) = 0 ⇐⇒

x2 − 4 = 0 ⇐⇒ x = ±2
�/�y'cpn!�-viady�lVn!{|`w��yildy��1crlVv-adt!crcpv-cp�X`bkpv-c|yMlVnzt!yiaS��`�y�{rlVn

cp`b�-aXnmn!a
x = −2

`
x = 2

� 6 vih
f ′′(x)

h�y�a-k|��n!e3cP`w�iadnmlX`badc+n�ewc+`baSkpn�{p��y�e�c
(−∞,−2)

x
(−2, 2)

`
(2,+∞)

xi�3vXlVn!h¤y1��y�ewody�{
f ′′(x)

n!aIk|{pn1c$�XoXa-kDc!xSoXa�lV`wadc+t!y-lXyr`wa-k|n!{p��y�e)xi�3n!{
c|y�j3n!{m�SoX`wa�cP`w�iadnrkp��n�a�t!yildyic|tuoXa�l\f n!ewewc�xXoXa�yze�f n�c|�SoXn!{|{Dy�lXn!e\Õ�äVxXoXa�n!aSkp{|n�n!e\Õ�ä�`�n�e
äVxX`�oXa'k|n!{Dtun�{#yIe�yzlV{|nuk|yzlVn�eEäV��³�n!{mnu�Vn!hz�Xewn�t�y�e�tuoXewn!h�¾

• f ′′(−3) = (−3)2 − 4 = 5 > 0

• f ′′(0) = −4 < 0

• f ′′(3) = 32 − 4 = 5 > 0

_�viadt�c
f ′′(x)

��c+�3vScP`bkp`w��yKy
(−∞,−2)∪ (2,+∞)

xS`3aXn��-y�k|`b��y�n!a
(−2, 2)

xS`3�3n!{+kDy�aSk�x
f(x)

��cmtuvia��inu�XyIy
(−∞,−2) ∪ (2,+∞)

xX`�tuµiadt�y1��y�y
(−2, 2)

�
ur{Dg�¦�t�y�hzn!aSk@kDy�hKj3�Fn1c��3vVlX{p`�yKqsn!{1¾

^ _ ^

Õ©ä ä
f ′′(x) > 0 f ′′(x) < 0 f ′′(x) > 0

¥ ewy�¦d�-oX{|yyx��X`+�dy�{|n!�X{|n�cpn!a-kDyilXy�ewy�qsoXadt!`b�
f(x)

`+e�y�cpn!��y�cPn��iv-ady�lVn�{p`w��y-lXyXx��3n�{
qsn!{pÕ©cPnFoXadyI`�lVn�yz�i{Dg�¦�t�y�lVn!e�{|n�cpoXebk|y�k�v-jVkp`waX�-oVk��
zA{ ë!ìQ|SòA} í�ò�é)ú¯é�íPî1ê÷î!éEí�îrñPè}ü#ó�é)í$ë!ì�í�ôøð+õwì1î�ñ�ê÷ö

f ′′(x) ~ òEì�î�ð¯õbì�î�ñ�ê÷ö�ñ�è}îué�|÷î!ì�ð1û�êSó�í�ù�é)ðDîué	ë!ì�ðDîñPðDî!ý�ê �`��í$ò)êH�}î�í�ó�ðDò)ò)ðDù)ú@ó�íPô2��í�ù�è�û�ñPè}ò)ð@ë�ì1í�í�î��}í�î�í�ù�ðDôVî�è@é�ê÷îQ��ù«êøð�ó�í�ù�ë!ìQ�$ó�ðDò)ò)ðDù

l



½	`b�-oX{Dy/xX¾�ur{Dg�¦�t�y�lXn�e�y�qsoXadtu`w�
f(x) =

x4

12
− 2x2 +3x+2

Ý«aXn!�-{pn Þ `�e�yKcpn!��y=cpn!�-viadylVn�{p`w��y-lXy'Ý«�in!{|hzn!ewe Þ
N$O�� ��Z�R¯T��ºY=¢�]PR��rá\âm]�^
� oX°���cKoXaº�XoXa-kzl\f `wa?�dnu�V`w�S¶�Ómaº�Xoda-kzl\f `wa?�dn!�V`b����cKoXaº�XoXaSkIlVn�e�y�qsv-{ph�y

x = cvia¬e�y�qsodadtu`w�
f(x)

�dyic|c|ylVn�cPn�{�t!µiadt�y1��y�y�t!viaS�in!�Xy�vHlVn�t!via��inu�Xyy¸t!µiadt!y���ydx�`
�XvIq«y�lVn�hzyiaXn!{DyItuv-a-k|~ba�ody �'³�n!{��SoX°MlXn�h�yiaXn!{Dy�tuv-a-k|~ba�ody-¶¤_�v-adt!c=�3n!{D�-od°��X`+�dy
qsoXadt!`bv-adc=�-odnz�dyic|cpn!a�lVnMcPn�{�t!µiadt�y1�in1cFy�t!via��inu�Vn�czÝ«v�y�e)f `waX{|n!�i°�c Þ v�aXv�kpn�aXn!aHt!y���XoXaSk=l\f `wa?�dn!�V`b��x�tuvih��3n�{rn!�Vn!hz�Xewn�e�y�qsoXadtu`w��{|n!�X{|n�cpn!aSk|yildyMy'e�yM¦d�-oX{|yt���dy-cpc|y�lXn
cpn!{�tuµia�t!y���y�n�a

(−∞, 0)
y�t!viaS�in!�Xy�n�a

(0,+∞)
�3n�{pµ�aXv�kp�'t!yi�¸�Xoda-kIl\f `wa?�dnu�V`w�dx

�3n!{D�SoX°y-�-odn�c�k�t!y�a���`�n�c�q«y®lVnh�y�aXn�{|y±�jd{podc|t!y�²ºÝsq«y´n!eFt�y�aS��`FlVn�cPv-jVkpn Þ � ¥ `b�V~�x
�3n!{D�SoX°@e�y�qsoXa�tu`w��t!yiaS��`bª�lVn#cPn�{$tuµ-adt!y���y�yFtuvia��inu�Xy�v�y�e)f `waX{|n!�i�1c!x�ewyFcpn!�iv-ady�lVn!{|`w��yildy
�dyioX{|g�lVn�t!yiaS��`wyi{KlVn�cP`w�iadnix�`)x��3n�{Kqsn!{pÕ)�XvlVn�h�y�aXn�{|y�t!via-k|~ba�odyXx$�Xv��dy�oX{Dg�lVnMqsn�{
�dy-cpc|y�aSk��3n!e�¼�n!{|v � ¥ `b�V~�xd�X`��dyrÛ�odcPk�oXa��XoXaSk�x

x = c
xdn!a�y-�-odn�cPkmt�y�aS��`�lVnKtuoX{|��y�k|oX{Dy

n!a¹�SoXn
f ′′(c) = 0

�SoXn�c�f y�aXv-hIn�ady��doXa-k�l\f `wa?�dn!�V`b� �����1cIqsvi{|h�y�ewhIn�a-k1x�k|n!aX`whÚe�y
cpn!�,�dn!a-k1¾
� ÄU��Ê	È«ÇiÈ�É¬À���GtSRIL_��a_NDt_?KXC ]�_?KXVFIcb

f(x)
MZ�t_?K-�X_?KNMJS�� ILK���DW\,Icb�DaK

x = c
GPI���I

KX@Rp��aG�G�I���DaG/V�@*p^�XE�DFI�\(�a_ND
f ′′(c) = 0

I
f ′′′(c) 6= 0 d

½	`��Vn�h�ÕÖaXvSc#�SoXn�n!a�ewy�lVnu¦�aX`wt!`b�Myia-k|n!{|`bv-{#c�f ��yzlVn�hzyiady�k��SoXn�e�yIkpn!{Dtun�{|yzlVn!{|`w��yildy�aXv
qsv-c�aSode

·
ewy¸n!adebewvVt�lVn�lVn�h�y�adyi{��SoXn

f ′′(x)
t!yiaS��`wª�lXn�cp`w�iaXn�yie#�iv-e�kDy�a-k�lVn

x = c
x

tuv-adlV`�tu`wviadcr�SoXnzcp�ia�n��SoX`w��yiebn�a-k|c��J7$n!�-n!hIÕÖ�Xvd� h `
f ′′(x)

�dy'lVnzt�y�aS��`�y�{FlVnzcP`w�iaXnIyie
�iviebkDy�a-kmlVn

x = c
xX��n�{#nu�Vn�hI�debn-xV�dy-cpc|y�{#lVn=cPn�{�adn!�-y�kp`w��yIyI�3v-cp`bkp`w��yXxV�ivie�lV{DgIlV`b{��SoXn

f ′′(x)
�1cFtu{|n!`b��n�a-kFn!a

x = c
x�`��3n!{rkDy�a-k1x\e�y�lVn!{|`b��yilXy�lXn

f ′′(x)
Ý
f ′′′(x) Þ ��y�oX{Dg�lVncpn!{#�3v-cp`�k|`w��y�n�a

x = c
Ý
f ′′′(c) > 0 Þ �$¨@yze�f `waX{pn��i°�c�xXcP` f ′′(x)

�dy-cpc|yIlVn=cPn�{#�3v-cp`�k|`b��yIy
cpn!{#aXn!�Sy�k|`b��yXx��iv-ewlX{|gIlV`w{m�SoXn

f ′′(x)
��cmlVn�t!{pn�`��Vn�a-k#n�a

x = c
xX`��3n!{#k|yia-k

f ′′′(c) < 0
�

³	n�{Fk|yia-k�xElVn!h�yiady�{��SoXn
f ′′′(c) 6= 0

��cFn!e$h�y�k|n!`b��-odnzlVn�hzyiady�{��SoXn
f ′′(x)

t!yiaS��`bª
lVn=cp`w�iaXn=y�e��iviebk|yia-k�lVn

x = c
`)xX�3n�{#k|y�aSk�x��SoXn�e�y�qsoXadt!`b�

f(x)
�dy-cpcp`�lXn=cPn�{mt!µiadt!y���y

yztuv-aS�in!�Vy�v�yie\{|n!�i��c�`��XvIq«yit!`�l�f oXa�yIh�y�aXn�{|yIt!viaSkp~waSodyd�

x



½	`b�-oX{Dy
�X¾$�$�Vn!hz�Xewn=lVnFqsoXadtu`w�M�SoXn�t�y�aS��`�yIlVn=tuµ-adt!y���yIyztuvia��inu�Xy�`�aXvIk|�=t!y����Xoda-k
l\f `ba��dnu�V`w�

¥ tuv-a-k|`ba�odyitu`w�zn�c�hzvSc�k|{|y�oXa�{|n�cpoXh�n�c|�SoXn!h�g�kp`�tFlVn!e��SoXn�y-t!yij�n�h lVn=lV`b{1�
h `

f ′′(c) = 0 :

{ h `
f ′′′(c) > 0 =⇒ f(x) : _ −→ ^

n!a
x = ch `

f ′′′(c) < 0 =⇒ f(x) : ^ −→ _
n!a

x = c

_�f yie�k|{|yrjdyiadlXyXx-yre)f n!�Vn!hz�Xewnmä��dn!h k|{pv-jdy�k$�X{|`whIn�{$n!e�c��doXa-k|c�via
f ′′(x) = 0

`dlVn1cP�X{|��c
�Xn�h y���yiebo�y�k=yi�SoXn�cPk|y'qsoXadt!`b��y�e)f n1cp�SoXn�{p{Dy'`+y�ewy�lV{|nukDy�l\f yi�SoXn1c�kDcF�3n!{Kc|y�j3n�{PÕÖaXnIn�e
cp`b�-aXni� 6 vih y®t!y-lXyº`wa-k|n!{|��y�er�dy�a cpvi{pkp`bk�cp`w�iaXn1c'lV`bqsn!{|n!aSk|c�`re�y®cPn��ivia�yºlVn!{|`w��yildy
c�f yiaSoXe

·
e�y���y´�Sody�a

x = ±2
xryioVkpv-h�g�kp`�t!yihzn!a-k

x = −2
`

x = 2
cP�-a lVvSc'�XoXaSk|c

l\f `ba��dnu�V`w��`+aXv�t�y�e+hz`b{Dy�{Kcp`
f ′′′(x)

c!f y�a�oXe
·
e�y�v�aXv�n!aºy-�SoXn�cPk|c�� ¥ `b�V~�x	kpn�aX`bh lVoXn�c

h�y�aXn�{pn1c#n1�-od`b��y�ewn!a-kDc�lVn=kp{|vijdyi{mn!e�cm�Xoda-k|crl\f `ba?��nu�V`b��¾¯kp{|vijdyia-k��X{|`bhzn�{�n!e�cm`wa-k|n!{|��y�e�c
lVn�tuvia�t!y1��`bk|y�km`Et!viaS�in!�V`�kDy�k1xXv-a�n�ewc��XoXa-kDcmqs{pv-a-k|n!{DyIn�a-k|{pn=n�ewcm`wa-k|n!{|��y�e�cmcpn!{Dy�a��XoXaSk|c
l\f `ba��dnu�V`w��cp`�c�f y�aSode

·
ewy�e�ycpn!�-viady�lVn!{|`w��yildyXx$vjXodc|t!yia-kzn!e�c��Xoda-k|czvia

f ′′(x) = 0
`

hz`b{Dy�aSkmcp`
f ′′′(x)

��yie\¼!n!{|vIvzaXv�n!a�y-�SoXn�cPk|c��XoXaSk|c��
³	n�{ "Xebkp`wh�x3¦X�Vn!hIÕ)adv-c��SoXnKy-�SoXn�cPk|y�hIn!kpvVlVv-ewvi�i`�yI�1cmhzviebkrcPn�hKjXe�y�a-kry�e�yMlVnKjXodc|t!yi{
h�g��V`whzcr`�hI~waX`wh�c!x�ÛPy��SoXnix\n!an!e	qsv-adc!x7kp{|vij�y�{��XoXaSk|cFl�f `wa?�dn!��`w��l\f oXady�qsoXadt!`b�
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